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1 Introduction 

These lectures focus on making T-duality explicit infield theory Lagrangians. The T in T- 
duality stands for 'toroidal'. T-duality is an old and still fascinating topic in string theory. 
We will develop some Lagrangians for T-dual field theories that are quite intriguing and 
may have interesting applications. The material covered here is based on joint work with 
Chris Hull and Olaf Hohm. These notes are informal and do not attempt to be compre- 
hensive nor to provide complete references. They deal with the basics of the subject and 
do not describe nor cite any of the recent developments. 

Theories implementing T-duality bring up mathematical constructions such as the 
Courant-brackets as well as elements of generalized geometry. There is plenty of math- 
ematical work on these topics, much of it in the context of first-quantized string theory. 
In our double field theory context, Courant-brackets and ideas of generalized geometry 
appear in a very natural way and help construct the Lagrangians. 

Courant-brackets are natural generalizations of the Lie brackets that govern general 
relativity. Courant-brackets should be relevant to the effective field theory of strings and 
we are beginning to see this. Before entering this fascinating topic we will first talk about 
strings in toroidal backgrounds and some of their important properties. 



2 String theory in toroidal backgrounds 

Consider a closed string living in a spacetime with a compactified coordinates. It is well 
known that upon quantization there will be momentum modes and winding modes for 
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each compact direction. Let us denote the compact coordinates by x a and the non-compact 
coordinates by x^, with x % = (x a ,x^). The compact coordinates x a give rise to string mo- 
mentum excitations p a . Since strings are extended objects, there are also winding quan- 
tum numbers w a . These should in fact be associated to some new coordinates x a . If one 
attempts to write down the complete field theory of closed strings in coordinate space it 
will include the x a as well as the x a . Thus, the arguments of all fields in such a theory will 
be doubled and we call it a double field theory (DFT). The doubled fields <fi(x a , x a , x^) are 
said to be functions of momentum and winding. 

Since the field arguments are doubled, actions must include a suitable integration over 
the additional dual coordinates: 



It is clear from the basic ideas of closed string field theory that the full string theory is 
described by a Lagrangian of this form. With an infinite number of fields included, how- 
ever, it is very complicated. A simplification can be achieved by restricting to a subset of 
fields only. The natural restriction is to consider only the massless sector, which includes 
a dilaton 4>, a metric gij with Riemann curvature R(g), and a Kalb-Ramond field 6^ with 
field strength H = db. 

The familiar low energy effective field theory of the bosonic closed string for these 
massless fields is given by 



where the dots denote higher-derivative terms. In the light of the coordinate doubling on 
tori, what will this action become ? 

There will be quite some obstacles in finding the correct action. One leading principle 
which helps in its construction is generalized geometry. Generalized geometry is in fact a 
very mild generalization of geometry. Let us look at its gauge symmetry first. Its gauge 
symmetry parameters are vector fields G T(M), which parametrize diffeomorphisms 
and live in the tangent bundle of the manifold, together with one-forms & G T* (M), 
which describe gauge transformations of 6^ and live in the dual tangent bundle. Both are 
combined naturally in the setup of generalized geometry, 



Generalized geometry does not double any coordinates. What it does achieve is to treat 
vectors and one-forms on an equal footing, so that it makes sense to add them to an object 
living in the sum of the tangent space and its dual. 

In generalized geometry the Courant-bracket is the right extension of the Lie bracket. 
We will see that it will play a prominent role in our construction. Also, in generalized 
geometry and string theory the field £ij = + bij appears repeatedly, and one also 
has the generalized metric % MN '. The generalized metric is a key structure also in string 
theory. Up to now there were no actions written explicitly in terms of these fields. 




(1) 




£ + £ G T{M) ® T*{M) . 



(3) 
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In the following we will write down double field theories that are T-duality covariant 
versions of 5*. We will find that Courant-brackets, the field £ik, and the generalized metric 
% MAr will play an important role. 

2.1 Sigma-model action 

In order to construct a first-quantized action, we start with the usual sigma-model action 
for strings propagating in a background. It is given by 

i r-2-K rco 

S = -— J da J dT{T } ^d a X i dfiX i G ij + f ?f } d c ,X i df,X>Bi j ), (4) 

where 

^ = diag(-l,l), e 01 = -l, d a = (d T ,d a ), 
X i = (X a ,X fl ) X a ~X a + 2n, i = 0,...,D-l. 

The X a are periodic coordinates for the compact dimensions. The total number of dimen- 
sions is D. The closed string background fields G and B are D x D matrices and are taken 
to be constant with the following properties: 

G a b \ d ( B ab 



Both G and B can be combined into the field E defined by 

E i:j = Gij + Bij = ^ J* ) , with E ab = G ab + B ab . (7) 

Exercise 1 By using the action ©, prove that the canonical momentum Pi is given by 

2nPi = G l3 P + B l3 X' j , (8) 
(dot for d T , prime for d a ) and that the Hamiltonian density H_ takes the form 

4ttH=(X', 2ttP) U(E) \ , (9) 

with the 2D x 2D matrix 

*-(E)=( G Zg G 1b B B g") ■ (10) 

The matrix H(E) is a 2D x 2D symmetric matrix constructed out of G and B. It is 
called the 'generalized metric.' More precisely we will identify it with an object Ji MN 
with M, N = 1, . . . , 2D. It is convenient to write % and its inverse in product form as 

'G - BG~ X B BG~ l \ _ (I B\(G \ / 1 X 
-G^B G 1 / VO ljlo G- 1 \-B 1 



H 

H 



(11) 

i _ f G- 1 -G- X B \ _ fl 0\ (G- 1 0\ fl —B^ 
BG- 1 G-BG- l B ~\B 1 [ G VO 1 



3 



% is non-degenerate because each of its factors is non-degenerate. It is useful to define 
another metric 77 with constant off-diagonal entries 

x ;) ■ 

With the metric rj we are able to relate H and its inverse, so that, as you can check, 

v nv = u~ l . (13) 

Such a constraint comes about because the generalized metric is a 2D x 2D matrix sym- 
metric matrix constructed from a single D x D matrix E = G + B. Thus is has to be 
constrained. We can view the parameterization of Ti in terms of G and Basa natural and 
general solution of the constraint. 

Let us put indices on % like on a metric, so that we can identify 

u n MN , 

_! (14) 
T-L Hmn ■ 



Then equation (Tl3l becomes 



r np M 'H MN 'r]NQ = T-Lpq 

niMN m 

li- VMPVNQ = fipQ , 



so that lowering the indices of % with the metric 77 gives us the inverse % 1 ! The capital- 
ized indices M, N run over 2D values, and will be called 0(D, D) indices. 

2.2 Oscillator expansions 

The string coordinate X 1 = x l + w l a + rG^pj + . . . has an expansion in terms of momenta, 
winding, and oscillators. The zero modes and ao are given by 



V2 

Written with Pi = \ and w i = \ J- 



al = ^=G i \p j -E jk w k ), 



(16) 



i(d d \ _ £ - 

We have thus defined derivatives that will play an important role later 

Di = di- E tk d k , = G^£>, , 

D { = di + E ki 3 k , 5* = G ij Z)j . 



(17) 



(18) 
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It turns out that the Virasoro operators with zero mode number are given by 

L o = tUcAX + N ~ 1 > 

\ (19) 

L = -a l GijoP + N - 1 , 

where iV and N are number operators counting the excitations. There is a constraint in 
closed string theory which matches the levels of the right and the left moving excitations 
in any state. It requires that Lq — Lq = 0. Using the derivatives defined above we can 
express Lq — Lq as: 



L -L = N-N- -{D i G ij D j - ^GijLfi) = N — N — 7 (-D i A - A A) • (20) 



\{D l G i3 Di - &Gij&) = N-N-- A 
Exercise 2 Show that 

±(D i D i -D i D i ) = -2d i 5 i . (21) 

The constraint Lq — Lq = can now be expressed as a constraint on the number oper- 
ators in the following way: 

N — N = -d^ = -d-d. (22) 
The familiar massless fields with N = N = have the form 

^ e ij {p,w)a l ^ 1 a , _ 1 cici\p,w), 

(23) 



d{p,w)(cic-i - cic-i)\p,w) , 



p,w 

with momentum space wavefunctions eij(p,w) and d(p,w). Here the matter and ghost 
oscillators act on a vacuum \p,w) with momentum p and winding w. On account of (j22|) 
we must require that the fields (x, x) and d(x, x) satisfy the constraint 

d ■ d eij(x, x) = d ■ d d(x, x) = . (24) 

This constraint is a very important ingredient which any string theory and any double 
field theory has to satisfy. 

2.3 0(D, D) transformations 

It is important to understand the invariance of the physics under background transfor- 
mations. In particular, 0(D, D) transformations play a prominent role in our case. In 
order to study them we start with the Hamiltonian, which can be constructed from the 
Hamiltonian density H_ in (O. One can show that 

H = f daH = -Z l n{E)Z + N + N + ... (25) 
Jo 2 
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where the dots indicate terms irrelevant to the discussion and 

Z 

Pi 

is a 2D column vector consisting of integer winding and momentum quantum numbers. 
The Lq — Lq = condition ((22)) on the spectrum gives N — N = piW 1 , or equivalently 

N — N = ^Z l V Z , (26) 

where r\ is the matrix defined in (fP2l) . Consider now a reshuffling of the quantum numbers 

Z = h l Z' , 

with some 2D x 2D invertible matrix h with integer entries (h^ 1 should also have integer 
entries). Under such a transformation the physics should not change, and in particular 
the constraint (1261) should be unchanged. For this it is then necessary that 

Z' l T]Z' = ZSZ = Z^hrtfZ' , (27) 

which requires 

hrih 1 = T] . (28) 

Exercise 3 Show that (l2gl > implies 

tir)h = r] , (29) 
The h matrices generate the 0(D, D) group. We write 

h= (c d) G °( jD ' jD )' ( 3 °) 

where a, b, c and d are D x D-matrices. The conditions on a, b, c, and d following from (1291 
are 

a l c + c l a = b l d + d l b = , a l d + c l b = 1 . (31) 
The conditions that follow from d28l are not independent but they are useful to have 

ab f + ba f = cd l + dc l = , ad 1 + be 1 = 1 . (32) 

Exercise 4 Show that 
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More is still needed in order to ensure the invariance of the spectrum. The energy, 
or Hamiltonian must not change. This requires a change of the background field E: the 
shuffled quantum numbers are associated to a background field E'. From ((251) we demand 



We thus have 



We therefore learn that 



Z t 'H(E)Z = Z^UiE^Z' . (34) 



Z^hUiE^Z' = Z^HiE^Z 1 . (35) 



U(E') = hHifyh* . (36) 
Using the indices introduced in (Tl4l we associate with h the transformation of coordinates 

X' M = h M N X N , X= Q . (37) 

and then ((36)) becomes 

H MN (E') = h M P h N Q H PQ (E). (38) 

Given that % is a rather complicated function of the metric G and the field B associated 
with E = G + B, it is not obvious that there is a transformation of E that induces the 
covariant transformation ((36)) (or (|38)) ) of T~L. The transformation of E in fact exists and is 
given by: 

E' = h{E) = {aE + b){cE + d)- 1 =(^ c ^\ E . (39) 

This is actually a well known transformation which appears often in string theory. It looks 
like a modular transformation. The fields G and B in E have much more complicated 
transformation laws. This is an indication that E is a good variable to formulate our 
theories. 

Exercise 5 Show that 

D E ' <40) 

In order to show that (1361) holds, we first consider the possibility that E is created from 
the identity background / by the action of h. Is it possible to create any such background 
from the identity ? If so, then this would be a very convenient insight. Let us assume it is 
true for the moment and assign a transformation Ue to any E, so that 

E = h E (I) . (41) 
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To see that He G 0(D,D) really does exist we re-write the field G in E = G + B. Since G 
is symmetric it can be written as G = AA l , where A appears like a vielbein. Using now A 
and B in the explicit expression for He we find that 

(A BiA 1 )-^ 
hE = L An-i • ( 42 ) 



(A*)- 1 

It is easy to check that He is indeed an element of 0(D, D). In order to see that it satisfies 
(HU we compute 

h E (I) = (AI + B(A t )~ 1 )(0 ■ I + (A 1 )- 1 )- 1 = (A + B(A t )~ l )A t = AA l + B = E . (43) 

This indeed shows that any background E can be created from the identity background 
by the transformation that we have explicitly constructed. 

The transformation He is ambiguous since it is always possible to replace He by He ■ g 
where g(I) = I. These g are elements of 0(D, D), and in fact they form a subgroup. 

Exercise 6 Show that the elements g that satisfy g(I) = I form an 0(D) x O(D) subgroup of 
0{D,D)andg t g = gg t = L 

With these preparations we can now focus again on (j36|) and show that % transforms 
in the right way. For the construction of He we have split the metric G into a product of 
A and A t , so that only A entered in He- In order to find a matrix with G it is natural to 
consider the product h,Eh E which does not have the ambiguity of exercise 6. This can be 
calculated in a straightforward manner: 

. , t (A BfA*)-^ ( A 1 \ (G-BG- X B BG~ X \ 

Suppose now E' is a transformation of E by h, i.e. E' = h(E) = hhE(I)- We also have 
E' = Iie'(I)- We thus see that \ie> = hliEg, up to the ambiguous 0(D,D) subgroup 
formed by g. Now we can put all this together to compute 

U(E') = h E >h E , = hhEgihhEg) 1 = hh E ti E ti = hU(E)ti . (45) 

This proves d36i 

Our aim is to show that it is natural to replace the standard notation in string the- 
ory based on G and B by E and H, and in fact we will later re-write the Einstein action 
completely in terms ofH. In order to arrive there we still need a little more formalism. 

First we need to understand how G and G' are related. This relation is not immediately 
visible. We claim that 

(d + cE) t G'(d + cE) = G . (46) 

This expression involves E but neither a nor b (from h) enter. It looks like a transforma- 
tion law for tensors, but it is in fact a bit more complicated, since we have -E-dependent 
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matrices. In the end this will lead to a new kind of indices which are characterized by the 
fact that they transform like (|46]> . 

The metric G has the peculiar property that in addition it also satisfies 

(d - cE^G'id - cE f ) = G . (47) 

This has some deeper meaning, as we will see. 

Exercise 7 Prove that 

(d + cE) t G\d + cE) = G, 
{d-cE t ) t G'{d-cE t ) = G . 1 ' 

Hint: Write G' = \{E' + E' 1 ) and use 63 for the first line. Write G' = ^((E'f + (£"*)*) and 
use (liOl) for the second line. 

In order to sharpen notation let us introduce the matrices 

M = (d — cE l )\ 
M = (d + cE) 

With this abbreviation (1481) becomes 

G = MG'M f , 

, , (50) 
G = MG M . 

It is instructive to write these equations in index notation. These are in fact examples of 
0(D, D) "tensors," which transform in the following way: 

G77 — Ivli J\di ^G~~ , 

(51) 



(49) 



Gij = Mi p Mj q G' 



p<j 



Note that we have used two kinds of indices for the same object G. It is possible to describe 
G either with barred indices G^ or with unbarred indices G^ . Each type of indices comes 
with a different transformation law, but still they describe the same transformation. 

Previously we found indices M, N that are used for 0(D, D) tensors. Now we found 
other indices for which 0(D, D) transformations are generated by matrices M and M. 
Thus we want to understand how these two index manipulations are related to each other. 
Consider some object with components 

Q M = 

We call such an object a "fundamental of 0(D, D)" if 0' = h@, or in components 



a b 
c d 



(52) 
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and we say it transforms in the fundamental representation of 0(D, D). Now let us define 
two more objects 

Yi = -§i + Ei-Qi , 

3 (53) 
Y t = Oi + EjiP, 

using the 6's and the E. These objects will not transform just with h, since they now 
depend on E. Still, they have a simple transformation law, involving the M's: 

Yi = Mi j Y- , 

Thus the above construction tells us how to move from an object which transforms with 
h to an object Y which transforms with M. 

Exercise 8 Prove the first line of (T54D. For this use, and prove, the identity 

h l - Ea l = -ME' . (55) 
This has a useful application. Consider a fundamental object 



X 

\x' 



The associated partial derivative is 

9m = (|) -+ d M ^ V MN 9 N = (| ) . (56) 

The derivative d M is also in the fundamental representation. From this it is now possible 
to calculate 

d M d M = = . (57) 

This is recognized as the constraint d22l) . In the same way as we have constructed the 
objects Y and Y in d53l above, we can construct derivatives transforming under the action 
of M. When we do that we find that the natural objects to write are 

-di + End* = -Di , 

3 „. (58) 
di + Eji& = Di , 

which are exactly the derivatives in ((18|). So we see, those derivatives we find in string 
theory are in fact 0(D, D) -derivatives and transform covariantly under 0(D, D): 

D i = M i j D' j , 

. 3 (59) 
D i = M i J D' j . 
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The last object whose transformation properties we have to understand better is that 
for the variation 5E of the background field. We know already that E' = h{E), which is 
a complicated expression when written out. While E does not transform as a tensor, its 
variation does. We find 

E' + SE 1 = h(E + SE) 

= (a(E + SE) + b)(c(E + SE) + d)' 1 

= (aE + b + a5E)(cE + d + c5Ey 1 

= E' + aSE(cE + dy 1 - E'c5E{cE + d)' 1 , 

where we used (^4 + e) -1 = A~ l — A~ 1 eA~ 1 + 0(e 2 ) in the last step. From this we get 

SE' = (a - E'c)5E(cE + d)~ l = (a - E' cjSEfyM 1 )" 1 . (61) 

The last hurdle is a bit of manipulation. 

Exercise 9 Prove that a — E'c = M~ l . For this check that M(a — E'c) = Iby explicit multipli- 
cation, using the results of Exercise 8. 

From (f6TT> and the result of the above exercise one reads off the transformation law 

5E = MSE'M 1 . (62) 

We see that E has one unbarred index and one barred index: 

8E Q = MfMfSE^ . (63) 

We have set up a consistent formalism and have understood the transformation laws 
of the fundamental objects in our theory. We can use this in order to construct actions. 

3 Double Field Theory Actions 

For the construction of actions using the previously developed formalism we start with a 
background field Eq and small fluctuations e i j(x, x). This should be thought of as a back- 
ground configuration which contains a gravitational background as well as a background 
Kalb-Ramond field. In addition we include a dilaton d(x, x). 

3.1 The quadratic action 

First we focus on the quadratic part of the action, given by 

£(2) = J dxdx l^nefj + \{Dh i3 ) 2 + ^(D^fj) 2 - 2dD i D j e fj - 4dDd] , (64) 
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where indices are raised by the background metric G 1 ^ (or G^) and the box operator is 
given by □ = D l Di = D l T>i with constraint D 2 — D 2 = 0. This constraint is equivalent to 
d ■ d = and must be satisfied by all fields and gauge parameters. 

Under 0(D, D) -transformations the objects under the integral will transform with M 
or M. Note that M and M depend on the background field E and not on the fluctua- 
tions eq. This implies that derivatives will not act on M or M. So this action is manifestly 
0(D, D)-invariant. 

This action must have gauge symmetries, which must include those found in general 
relativity. In fact gauge symmetry fixes the relative values of the coefficients of the terms 
in the action. 

Exercise 10 Prove that the following are gauge invariances of S^: 

<5e- = DjXi , beq = D^Xj , 

1 • 1 (65) 

Sd = --D l Xi , 5d = --D l Xi . 
4 4 

In order to get a better feeling for this action we write it out more explicitly, simplifying 
it by setting the background Kalb-Ramond field B, L j to zero, keeping only the fluctuations 
e ij = hij + bij around the metric Gij . The action becomes 

= J dxdx jh ij d 2 hij + ^hij) 2 - 2dd i d j h ij - 4dd 2 d 
+ ^h ij d 2 hij + ^(Bhij) 2 + 2dd i & i h ij - Add 2 d 
+ \b lj d 2 b ij + i(3%) 2 (66) 

+(d k h lk )(dib l3 ) + (^h^idjbv) - 4d&&bij 

The first line contains the graviton and dilaton in the same way as one would get from 
the standard action. The second line is almost identical to the first line but contains dual 
derivatives. This is to be expected since the whole action should be 0(D, D)-invariant. 
The third line contains the contributions of the Kalb-Ramond field strength, while the 
fourth line again complements it with terms involving dual derivatives. The last line 
contains terms with mixed derivatives. These terms have no counterpart in conventional 
field theory actions. 

The symmetries of this action are conveniently described in terms of redefined gauge 
parameters 

e i = \(X l + \ i ) e i = ^(X i -X i ). (67) 
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Using these the gauge symmetries d65l) are found to be 



Shij = di€j + dj€i Shij = diij + djii 



5bij = -(di€j - dj€i) 5bij = -(diij - djii) (68) 

1 1 ~ 

5d = — d ■ e 5d = -d ■ i . 

2 2 

To appreciate the novel aspects of the above, consider the familiar linearized gauge sym- 
metries of the low energy (non-double) action (|2]): 

dh^ = diCj + dj€i 5hij = , 

dbij = 0, 5bij = -(die j - djii) (69) 

Sd = --d-e 5d= 0. 
2 

In (1691 we have two columns. The left one corresponds to the symmetry of diffeomor- 
phisms, with gauge parameter The gravity fluctuation transforms, the b field does 
not, and the dilaton d transforms as a scalar density. The conventional scalar dilaton $ is 
given by $ = d + \h % i and is gauge invariant. In the double field theory case <(68j) the b 
field transforms using the tilde derivatives to form the required antisymmetric right-hand 
side. 

In the second column of (1691 the gauge parameter ii generates the b field transforma- 
tions. No other field transforms under it. But in the corresponding column of ((681) we see 
h transforming under what we could call dual diffeomorphisms and d transfoming as a 
dual density. The combination $ = d — \h % i is invariant under the e symmetry. Since <!> is 
not invariant under the e transformation nor is invariant under e transformations there 
is no dilaton that is a scalar under both diffeomorphisms and dual diffeomorphisms. 

3.2 The cubic action 

For going beyond the free theory cubic terms should be added to the action. Indeed there 
are cubic terms which are 0(D, D)-invariant and can be added consistently to the action. 
This results in fact in a nonlinear extension of the gauge invariance. 

For simplicity we focus only on a few possible terms in the cubic part of the action 
and refer to the literature for complete details: 



= J dxdx ±e ij ((D i e kl )(&e kl ) - D^&e^ - D k e il &e kl 



(70) 



+ de 2 terms + d 2 e terms + d 3 terms . 



The nonlinear extension of the gauge symmetry can be seen from the variation of e, which 
is given by 



=LhXi + 



(D i \ k )e k j-(D k \ i )e kT +X k D k e lJ 



(71) 
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While the construction up to cubic order has been completed, higher orders may be very 
nontrivial. It may even happen that higher orders do not exist as long as one restricts 
oneself to a formulation involving only the massless fields and d. 

We have stressed that all fields and gauge parameters must satisfy the constraint that 
they are annihilated by d ■ d. This was enough for the quadratic action and in fact for the 
cubic action. But even for the gauge transformations ((TT)) there is an important subtlety. 
It is not true that d ■ d annihilates a product of two fields, even if each field is annihilated 
individually. Thus the terms in brackets in (|71~]) do not satisfy the contraint; they should 
since they represent a variation of the constrained field eq. Thus one must include for 
those terms in brackets a projector to the space of functions that satisfy the constraint. 
Such projectors are not needed in the cubic action (the integration does the projection au- 
tomatically) but they complicate matters considerably when trying to construct the quartic 
terms of the action. 

To be able to proceed more simply we impose a stronger constraint. We simply de- 
mand that the operator d • d annihilates all fields and all products of fields. 

Let Ai(x, x) be fields or gauge parameters which are annihilated by 8m9 m . When we 
require now that all products A{Aj be also killed by 8m9 m this leads to the condition 

d M A l d M A j = 0, (72) 

We may call this the "strong" 0(D, D) constraint. 

In fact this is a very strong constraint, and while it makes the calculations easier it 
makes us lose much physics. It turns out that this strong constraint makes the theory 
independent of the dual coordinates in the following sense: 

Theorem 1 For a set of fields A{(x, x) that satisfies (f72D there is a duality frame (x-, x n ) in which 
the fields do not depend on x\. 

Even if it is always possible to find such a frame, we need not specify it explicitly, i.e. 
we need not break 0(D, D) invariance. The constraint (1721 is indeed 0(D, D) invariant. 
Hence we are in a situation where we can formulate a theory using dual coordinates in the 
action, keeping the full 0(D,D) invariance, while physically only half of the coordinates 
matter. 



4 Courant brackets 

In a theory with a metric gij(x) and a Kalb-Ramond field bij(x) the diffeomorphisms are 
generated by vector fields V l (x) and Kalb-Ramond gauge transformations are generated 
by one-forms £i(x). These are formally added and thus written as V + £ € T(M) © T* (M), 
where V G T(M) and £ G T*(M) are elements of the tangent bundle and the cotangent 
bundle, respectively. We can formulate the gauge transformations in a geometric language 

5 v+i g = C v g, 
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where Cy is the Lie derivative along the vector field V. Recall that when acting on forms 
the Lie derivative is 

Cy = iyd + diy , (74) 

where iy is contraction with V. It follows that the Lie derivative and the exterior deriva- 
tive commute, 

Cyd = dCy . (75) 

Acting on the metric the Lie derivatives gives 

{Cy g)ij = {diV k )g kj + djV k g ik + V k d k9ij . (76) 
Lie derivatives satisfy interesting algebraic relations: 

[£x,£y]=£[x,y], 

[C-X^y] = L [X,Y] ■ 

The left hand sides are commutators of operators and on the right-hand side we find 
brackets of vector fields, defined as [Vx, Vy fe = V[d p V 2 k - (1 -h> 2). 



4.1 Motivating the Courant bracket 

Suppose one has a theory of a metric and an antisymmetric tensor field and one has de- 
rived the transformation laws (1731) , how can one determine the gauge algebra? First we 
compute the algebra of gauge transformations on the metric g by evaluating the bracket 

[ 5 v 2 +&,Svi+£i\9 = AiA^S - (1 -H- 2) = C [Vu y 2] g . (78) 

On the Kalb-Ramond field b the computation is a little less trivial. We find 

[6v 2+h ,5 VlHl }b = C Vl (Cy 2 b + d&) - (1 -H- 2) = C [Vl y 2] b + d(£ Vl & - C Va £i) ■ (79) 

When we compare this with (l73t we conclude that acting on the fields 

[£v2+6>^Vi+£i] = Vi^l+A^-A^i • ( 80 ) 
This last expression defines a "bracket" on T(M) T*(M): 

[Vx + 6, V 2 + 6] = [Vi,V 2 ] + £ Vl & - C Va £i ■ (81) 

The first term on the right-hand side is a vector field, the last two give a one-form. One 
may ask now if this bracket is a Lie bracket. It is because it is antisymmetric and the Jacobi 
identity is satisfied (as a calculation shows). 
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There is, however, an ambiguity in the one-form because this one-form appears in the 
gauge transformation acted by the exterior derivative. Indeed, 

5 VH b = Lyb + (2£ = C v+ (£ +dfT ) b . 

Thus the one-form £ is ambiguous up to an exact term da. This ambiguity also is present 
in (f8T|) . To see this we calculate the exterior derivative of the form on the right-hand side 

d{C Vl ^ - CvM) = d{ckv& + t Vl d^ 2 - (1 2)) (82) 

The underlined term is killed by the action of d, so without loss of generality we may 
change the coefficient in front of it. We will do so by replacing it with 1 — f : 

This ambiguity should be reflected in our definition of the bracket. So we replace ((81]) by 

[Vi + £1, V 2 + £ 2 ]/3 = [Vi,V 2 ] + £ Vl & - £y 2 £i - \pd{L V & - • (84) 

One complication with this bracket is that is does not satisfy a Jacobi identity as long /3 
does not vanish. Does it make sense to consider brackets with /3 ^ at all ? Yes it does! 
One can show that, with Z{ = Vi + i = 1, 2, 3, the "Jacobiator" takes the form 

[Z x , [Z 2 , Z 3 }} + cyclic = dN(Z x , Z 2 , Z 3 ) . (85) 

The right hand side is not zero but an exact 1-form. Since exact one-forms do not generate 
gauge transformations, the failure of the Jacobi identity does not cause inconsistency. 

This bracket is not a new invention, but it has been considered before by T. Courant 
in 1990. He had reasons to fix /3 = 1 and therefore defined a bracket called the Courant 
bracket as 

[Vi +Si,V 2 + &k =1 = [V X ,V 2 } + L Vl i 2 - £v 2 £i - \d{i Vl £ 2 - l v ^ x ) . (86) 

In fact for f3 = 1 there is an extra automorphism of the bracket, called ^-transformation. 
This is what makes it interesting from a mathematical point of view. Given a closed 2-form 
B with dB = 0, the ^-transformation acts on a pair (X, £ ) of gauge parameters as follows, 

B - transformation: X + £ H- X + (£ + t x B) . (87) 

So this map has the effect that it changes the 1-form. If ^-transformations are an automor- 
phism of the bracket one must have: 

[X + ^ + lxB^ + ij + lyB] = [X + £,y + v ] + i [xx] B . (88) 
Exercise 11 Show that the existence of this automorphism selects (3 = 1 in (IM1 >, thus giving (fg6D . 
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The reason why automorphisms like the ^-transformation are interesting for us is 
that they tell us something about the symmetries of a theory. Consider a manifold with 
some metric g. We say that some vector field V is an isometry (and therefore generates a 
symmetry of the metric) if the Lie derivative Cyg vanishes. If we have an anti-symmetric 
field b on a manifold, one is tempted to demand that symmetries correspond to vector 
fields for which the Lie derivative of b vanishes. In fact this is too restrictive. Instead it is 
reasonable to demand that Lyb vanishes up to some exact form, since any such change of 
b can be undone by a Wield gauge transformation. Therefore, V + £ G TM © T*M is a 
symmetry of b if 

C v b = d£ . (89) 

Consider a 2-form B with dB = 0. Imagine changing b by adding B to it. What are the 
symmetries of the new b + B field? We claim that the S-transform of V + £ is a symmetry 
of b + B, 

C v {b + B) = d{Z + L V B) . (90) 

It is straightforward to verify this by explicit calculation. From this we see that f?-transfor- 
mations of b do not change the symmetries of the theory. Thus it is reasonable to promote 
^-transformations to automorphisms of the bracket, thus selecting the Courant-bracket. 

4.2 Algebra of Gauge Transformations: from Courant brackets to C brackets 

In order to determine the algebra of gauge transformations we switch to a more uniform 
notation in which we mark all one-forms by tildes while vectors stay undecorated. Hence 
we consider objects 

cM _ ( £i \ 

denoting gauge parameters in the sum of tangent and cotangent space of the manifold. In 
an abuse of notation we sometimes write this as 

The gauge algebra is governed by a C-bracket [• , - ]c/ which is closely related to the 
Courant-bracket but applies to doubled fields! The Courant bracket does not, of course. 
Consider the M th component of such a bracket: 

([HiMc) M = §dp$ - \v MN np Q ^d N ^ 

- qi • °%*\ ~ 2^[i" §2] ' 

where the brackets on indices indicate anti-symmetrization. Because of the consistent use 
of our capitalized indices M, N, . . ., this bracket is 0(D, D) covariant. Note that the second 
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term on the right-hand side involves a contraction of indices and therefore contains the 
metric rj. In a conventional theory it would be unthinkable to include a metric-dependent 
term in a bracket. In our case the use of the constant metric r\ causes no complications. 

Evaluating this bracket between £1 + £1 and £2 + £2 displays the appearance of some 
unusual terms: 

[6 + 6,6 + 6]c =[6,6] + %6 - %6 - ijfe 6 - % 2 6) 

1 _ ( 92 ) 

+[6,6] + %6 - £&6 - 2^(^16 - ^ 2 6) > 

where the dual exterior derivatives acting on functions give objects with a vector (upper) 
index: (df) % = d l f. It is unusual to see £| 2 6/ since Lie derivatives are taken with respect 
to vector fields and not one-forms. In our case this alternative is allowed since we have 
(dual) derivatives with upper indices, so that a contraction with a one-form is possible. In 
the same way it is no surprise to see a bracket of one-forms giving a one-form (an object 
with a lower index): [6, 6]j = £ ■ i) '^ r 

If we drop the i-dependence of the C-bracket this will set — > 0, d — > and [£, £] — > 
0. The C bracket reduces to 

[6 + 6,6 + Uc = [6,6] + £ 6 6 - ^ 2 6 - ^(^6 - ^ 2 6) ■ (93) 

We recognize the right-hand side as the Courant-bracket ((86|> . Therefore we can view 
the C-bracket as 0(D,D) covariant, double field theory generalization of the Courant- 
bracket. It can be shown that the /3-parameter cannot be incorporated into the C bracket 
while preserving 0{D,D) covariance. 

4.3 ^-transformations 

Having identified the algebraic basis of our theory, we now want to understand what are 
the ^-transformations in our setup. Take an element of 0(D, D), 

h= {o 1) ' <94) 

where b is antisymmetric and constant. Acting with this map on E it is easy to compute 
the transformation 

E^E' = h{E) = (E + b)(iy 1 =E + b. (95) 

From this one can read off that the transformation h has the effect of leaving G untouched 
while B is mapped to B + b. So indeed h is a ^-transformation. Now it is straightforward 
to see the action of this map on the gauge parameters ^ M . Explicit evaluation shows that 
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so that in components the ^-transformation is given by 

Note that invariance of the dual derivatives implies that ^-transformations leave the con- 
straint -^(p = appropriate for the Courant bracket unchanged. One sees that ((97]) implies 

which is exactly the expected result. 

We see now how nicely the parts fit together to form a larger picture: from the physics 
point of view we have arrived at this formulation because we took T-duality seriously 
and considered it as basic component of our field theory. From the mathematics point of 
view the ^-transformations play a fundamental role as automorphisms of the Courant- 
bracket, and in fact now we see that they are just the counterpart of certain T-duality 
transformations that must be incorporated in an 0(D, D) invariant formulation. 

5 Background Independent Action 

We now want to put the various parts together and come to a formulation of a doubled 
action. We have written down before the perturbative action for a double field theory in 
terms of a background and fields eij(x, x), depending on both the usual coordinates x 
and their duals x. We made an explicit distinction between the background field and its 
fluctuation, very similar to the splitting gij = rjij + hij in linearized gravity. In the end, 
however, one is looking for a manifest background independent version of the action 
which does not rely on this distinction. 

5.1 Background Independent Formulation 

To stress the point of background independence we introduce the field 

Sij {X) = Ei, + ey (x, x) + 0(e 2 ) , (98) 

which at the linearized level is the sum of E and e. We have seen how E and e behave 
under T-duality, and there is also a natural way to transform £. Since X' = hX (recall 
(l37ll ) we expect that £ transforms like 

£'(X') = (a£{X) + b)(c£(X) + dy 1 . (99) 

The dilaton d is expected to be 0(D, D) invariant, so its transformation law should be 

d'(X') = d(X). (100) 

This is the analogue of the scalar field Lorentz transformation in conventional field theory. 
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All the identities and constructions presented in previous sections above did not make 
use of any X -independence of E. Therefore they can be immediately generalized by re- 
placing E with £, keeping the formal expressions unchanged. For example the derivatives 
Di in ((18)) can be generalized to curly T>i, and similarly for the V/s; but now they are de- 
fined with the full metric £, 

Di = di- E lk d k — > V = 8i- £ ik (X)B k , 

( 101 ) 

Di = di + E kl d k — > V = di + £ ki (X)d k . 

These derivatives will now transform with generalized M matrices, that now depend on 

£(X) as 

M={d-cE t ) t — ► M{X) = {d-c£ t )\ 
M=(d + cE t ) t — > M(X) = (d + <£*)*. 

Indeed, any object will now transform correctly with M(X) and M(X) exactly in the way 
as they transformed with M and M before. This is because the transformations come from 
(HU, and one needs no derivatives to derive them. We will also write £ = g + b without 
any reference to a background field, and the generalized metric in (TTOT) becomes 

n£) = ( 9 ~ b C b b C) ■ ao3) 



-9 b g 

In particular, the metric g{X) itself is an 0(D, D) tensor, so from (|50"1> we have 

g(X) = M(X)g'(X')M t (X), 

g(X) = M(X)g'(X')M t (X). 1 
Moreover, the transformation of the Hamiltonian in eq. <(36j) becomes 

U(£'(X')) = hU{£{X)) h l . (105) 

We can repeat all the steps that gave the transformation law ((62]> for the variation of £, this 
time finding 

5£{X) = M(X) 8E'{X') M\X) . (106) 
This relation applies to any derivative of £, thus, for example, 

di£ = M(X) di£' M\X) , d l £ = M(X) &£' M\X) . (107) 

This also means that the same transformations apply to the calligraphic derivatives of £: 

Vi£ = M{X) Vi£' M\X) , Vj£ = M(X) f>iS' M\X) . (108) 

The derivatives above can also be transformed, if desired (see dlllD below). Finally, the 
transformation of the dilaton under gauge transformation is given by 

6d = -^d M H M + Z M d M d, (109) 
20 



This implies that 



Se 



-2d 







M 



C M -2d 



(110) 



-2d 



which tells us that e~ 2d is a density. Therefore it is identified as \f—g e~ 2 ^ = e~ 

There is one small complication which appears when one takes multiple derivatives. 
To understand this, we observe that the derivatives (11011) transform covariantly 



V i = M i \X)V' j 
f>i = M/(X) Vj 



(111) 



Since M is not a constant anymore, multiple derivatives would not transform correctly. 
We handle this problem simply by not using higher derivatives in the formulation of our 
action. We can define 0(D,D) covariant derivatives, but they will not be needed here. 



5.2 The 0(D,D) Action 

After these preparations we can now present the full background independent 0(D, D) 
action for the fields £ and d. The action is given by 



dxdxe 2d 



-g ik gi l VP8 ki V p £ l3 



+ - g u [V*£ ik V% e + &£ ki t>% 3 ) 
+ (p'd&Sij + V i dV j £ ji ) +AV i dV i d 



(112) 



Each term is independently 0(D,D) invariant, and so is the whole action. This also 
means, though, that the action is not completely determined by 0(D, D) invariance, since 
the numerical factor in front of each term is arbitrary. What finally fixes the action is dif- 
feomorphism and Kalb-Ramond gauge invariance. There is a particular combination of 
the coefficients, so that the theory is consistent and exhibits these expected gauge invari- 
ances. Also, one can expand this action and recover to quadratic and cubic part of the 
action exactly as in ([64]) and ((ZQj). Moreover, taking d = 0, Ss,d reduces to an action that 
is identical to the standard Einstein action plus antisymmetric field plus dilaton, when 



-ge 



-24> 



-2d 



So all this is consistent and fixes the action uniquely. 
This action is invariant under the following gauge transformations 



£ lk [d k e-&e\£ 



(113) 



This is in fact quite a natural expression. The first three terms are the standard terms 
including the Kalb-Ramond gauge transformation and the usual Lie derivative. The last 
three terms are zero in a situation where the theory does not depend on the dual coordi- 
nate x. They are the counterparts to the first three terms which make the transformation 
compatible with 0(D, D). The field £ appears additionally in the last terms in order to get 
the right index structure. Hence, all the terms that appear here are expected and natural. 
However, proving the gauge invariance directly is hard. 
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5.3 Formulation Using the Generalized Metric 



As next step we want to arrive at an even better formulation of the action without explicit 
reference to the metric g. Ideally we want to express everything in terms of the generalized 
metric only in a form that resembles the Einstein-Hilbert action as far as possible. 
For example, for the dilaton we previously found the 0{D,D) invariant term 

AV i dV l d . 

This is actually a complicated term since the £ is contained in the derivatives V. We can 
also try to formulate a dilaton term with usual partial derivatives only, but then we must 
be careful how to contract the indices. Certainly a contraction with rj is not reasonable, 
since then the constraint d AI A 8m B = would kill this term. The only other possibility is 
to contract the indices with %, yielding a term 

m MN d M dd N d . 

It takes only little calculation to see that this terms is identical to the dilaton term used 
above. The advantage of this formulation is that we got rid of the explicit appearance of 
£ and introduced % instead. 

This does not only work for the dilaton term, but also all other terms in this action can 
be rephrased in this way. Doing so one finds the action 

S H = I dxdxe- 2d (\u MN d M U KL d N UKL-\u MN d N U KL d L U M K 

J ° 2 (114) 

-2 8 M d d N n MN + 4 H MN d M d d N d^j . 

This action is 0(D, D)-invariant since all indices are correctly contracted. This action is 
identical to the action in (11121) although this takes some computation to verify. Finally by 
dropping the ^-dependence it reduces to the expected low-energy action |(2|. 



5.4 Generalized Lie Derivative 

The action (11141) also comes with a gauge symmetry and this is quite surprising and rather 
elegant. In a conventional setting the Lie derivatives appearing in such a theory are 

C^A M = t P d P A M + d M t P A P , (115) 
C^B N = £ p d P B N - d P £ N B p . (116) 

In our setting here we cannot use these; there is a very basic reason why the normal Lie 
derivative is not applicable. Since we include the Kalb-Ramond field in our theory there 
are redundant gauge transformations where the one-form gauge parameter is <i-exact. In 
double field theory the vector field gauge parameter can also be trivial. Indeed, consider 
the gauge parameter £ M to be the derivative of some %> in components 

t M = (|) = = d M x ■ (117) 
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The one-form £j is trivial because it is a derivative and so is the vector £ l being a dual 
derivative. Hence £ M is a trivial gauge parameter and it should generate no Lie derivative. 
We see, however, that 

C i=9x A M = d p X d P A M + d M {d p X ) Ap ± 0. (118) 

The first term is zero because of the constraint, but the second term is not zero. Since the 
Lie derivative does not vanish we should modify its definition. In fact there is a natural 
way to do so. Using the metric r] MN it is possible to define a generalized Lie derivative by 

C^Am ee fdpA M + {d M f - d P 6u) A P , 

C^B N ee fd P B N - [d P e - d^p) B p . { ' 

The underlined terms are new and writing them uses the metric twice: once to raise the 
derivative index and once to lower the gauge parameter index. The conventional Lie 
derivative distinguishes very much between covariant and contra variant indices. The 
generalized Lie derivative is more democratic and treats covariant and contravariant in- 
dices in a more symmetric way. It is now easy to verify that the generalized Lie derivative 
along a trivial field vanishes: 

C^ =dx A M = d p X d P A M + {d M d p X ~ d p d M x) A P = . (120) 

C is the correct Lie derivative to use in our theory. Generalized tensors are objects with 
0(D, D) indices M, N, • • • , up or down, for which the (generalized) Lie derivative takes 
the form implied by (I119D . 

With the new generalized Lie derivative at hand we can now write the gauge transfor- 
mations. The gauge transformations of the generalized metric are given by 

5U MN = Ct:H MN . (121) 

For the dilaton we have 



Se- 2d = d A 



i M e~ 2d 



(122) 



Both transformations vanish for £ M = d M x- 

The commutator of two generalized Lie derivatives gives a very elegant expression 

%'%J = -%,6] c • ( 123 ) 

The commutator is itself a generalized Lie derivative with parameter obtained by the 
C-bracket. This shows that the C-bracket determines the algebra of symmetries of this 
theory. 

Exercise 12 Use U19i to prove that (I123D holds when acting on Am- 
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5.5 Generalized Einstein-Hilbert Action 



We have constructed two Lagrangians C^d and C% which look very different since they 
are formulated in different variables, but are in fact equal. Both are T-duality invariant, 
and they use field variables that reflect the doubling of coordinates. The second one, 
is perhaps most novel because it completely relies on the use of the generalized metric, 
which is some kind of metric for a space with doubled coordinates. 

Although the Lagrangian Cu is already written in a reasonably nice form, one can try 
to take this construction even further. One may ask if there is such a thing as a general- 
ized Ricci curvature or a generalized scalar curvature. In fact, the answer is positive and 
both objects can be constructed out of the generalized metric and the dilaton. Curiously, it 
seems that there is no "generalized" Riemann curvature, although this has not been estab- 
lished for certain. We do not need the Riemann curvature for writing down a generalized 
Einstein-Hilbert action, so we will leave this question aside. 

The generalized scalar curvature 1Z is given by the expression 

iMN q_ j a__a__uMN a njMN o j a j , a »_ _njMN 



K = 4^ JWiV d M d N d - d M d N n M1 " - 4H MI " d M dd N d + 4d M H M " d N d 

Lnl ■ 



+ \n MN d M n KL d N n KL - \u MN d M n KL (124) 

o z 



It does contain second derivatives, which is indeed expected since just like in gravity one 
cannot construct a scalar curvature with just one derivative. Note that the derivatives 
appearing here are d and not V, so this imposes no problem since they transform with 
constant h. Each term in (|124[) is 0(D, D) invariant, but only the full combination of terms 
is a generalized scalar. 

A simple rearrangement of total derivatives in S% shows that 

S H = j dxdxe- 2d TZ(n,d) . (125) 

We see that the action takes a very simple form in terms of the generalized scalar curva- 
ture. It looks rather analogous to the conventional Einstein-Hilbert action. 

In order to prove the gauge invariance of Sy_ we can calculate 5(1Z using 5^H. and 5^d. 
A substantial calculation confirms that 1Z is a generalized scalar: 

S(R. = £ M d M n . (126) 

Since 1Z is a generalized scalar and e~ 2d is a generalized density, the action is gauge invari- 
ant. When the dependence on x is ignored (that is, setting d = 0) the generalized scalar 
curvature reduces to 

^ =O = # + 4(D0- {d<P) 2 )-^H\ (127) 

with H = dB and R being the conventional Ricci scalar. This shows that scalars in general 
relativity do not necessarily correspond to generalized scalars in the double field theory. 
In general relativity all three terms on the right-hand side of dl27D are scalars but are not 
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separately 0(D, D) invariant. In 1Z all terms are 0(D, D) invariant, but separately are not 
generalized scalars. 

In these lectures we have given a self-contained introduction to double field theory. 
We have constructed Lagrangians that implement T-duality more explicitly than before. 
We have seen the natural emergence of the Courant-bracket and how the generalized 
metric provides a natural variable for the formulation of the theory. One can view the 
Lagrangians built here as rewritings of the familiar theory that make 0(D,D) symmetry 
manifest. To obtain such Lagrangians we had to impose the "strong" constraint, and it is 
not yet clear if this constraint may be relaxed. This also means that the power of double 
field theory has not yet been fully unleashed. 
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